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4)opMyjia HTo-BeHTn;eji5i, Hei^eHxpHpoBaHHaH nyaccoHOBCKaa Mepa, Hflpo 
HHTerpajibHoro HHBapHaHTa, cToxacxHHecKHH nepBbiH HHTerpaji 

AHHOTaU,HH 

CTpoHTCH o6o6ii];eHHe cj^opiviyjibi HTO-BeHTii,ejiH fljia CHCTeivibi o6o6- 
meHHbix C^y Hto c Heii;eHTpHpoBaHHOH Mepoft na ocHOBe cToxacTH- 
HecKoro siflpa. iiHTerpajibHoro npeoGpasoeaHHH. IlocTpoeHa CHCTCMa 
o6o5meHHbix C^y, pemeHHe KOTopoii - nffpo HHTerpajibHoro HHBapH- 
aHTa, CBHsaHHoro c pemeHHCM o6o6Hi,eHHoro C^y c Heu,eHTpHpoBaH- 
HOH Mepoii. BfiefleHO HonaTHe CTOxacTHHecKoro nepBoro HHTerpajia ch- 
CTeMbi o6o6meHHbix C^y c HeH,eHTpHpoBaHHOH MepoH H onpeflejieHbi 

yCJIOBHH, HpH BblHOJIHeHHH KOTOpblX CJiyHaHHaH c|)yHKH;HH HBJIHeTCH 

nepBbiM HHTerpajioM 3a/i,aHHOH cHCTeMbi o6o6Ki,eHHbix C^y 



BBe^eHHe 

B [1, 2, 3] GbiJi npefljioacen cnei^HcJaHHecKHfi noj^xofl, k CTOxacTHHecKOMy hh- 
TerpHpoBaHHK), ocHOBaHHbifi Ha TOM, HTO npoH3BO^HTC3 OTo6pa>KeHHe He 

TOHKH, a ee OKpeCTHOCTH HO HCKOTOpOMy Tpa;],HH,HOHHOrO, OCHOBaHHOrO Ha 
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HCHHCJieHHH MajiJisBeHa. Hepexo^ k cToxacxHHecKHM ypaBHeHHSM ^jih koh- 
KpexHbix peajiH3an;HH npoHcxoflHT na ocHOBe conocxaBjieHHa ^HHaMHKH sjie- 
MeHxa npocxpaHCTBeHHOH CTpyKxypbi, MapKHpoBaHHofi hhcjiom, c jxnHawa- 
KOH peajiHsaitHH xpaeKTopHH, ^jia Koxopoii sxo hhcjio 3Bjiaexc3 HanajibMbiM 
SHaneHHeM. 3xa bosmojkhocxb oGycjioBjiena Gjihsocxbio, b BepoaxHocxHOM 
CMbicjie, xpaeKxopHH, cxapxoBaBniHX b o6jiacxH Hcxo;i,Hofi OKpecxHocxH Ha 

KaJK^OM H3 BpeMeHHblX CeHeHHH. 

B HacxoHmee BpeMH SBjiJiexca aKxyajiBHbiM Hccjie^oBaHHe oxKpL.ixL.ix ch- 
cxeM, Koxoptie xapaKxepasyioxcii HajiHHHeM b hhx cjiyHaiiHL.ix BOSMyme- 
HHii, KaK HenpepL.iBHL.ix, oHHCL.iBaeML.ix BHHepoBCKHMH HpoH,eccaMH, xaK H 
CKaHKOo6pa3Hbix, oHHCL.iBaeML.ix HyaccoHOBCKHMH npoii;eccaMH. HpH sxom, 
B ycjioBHHx cjiyHaiiHbix BoaMymeHHH, neKoxopbie xapaKxepncxHKH cHcxeMbi 
^ojiJKHL.1 coxpanaxbca. T. e. BOSHHKaiox aa^ann Hocxpoenna HporpaMMHbix 
ynpaBjieHHii b oxKpL.ixL.ix CHCxcMax. /],Ji3 cjiynaa, Kor^a BOSMymenne bl.i- 
SBano xojiBKO bhhcpobckhmh HpoH;eccaMH, HMeexca hcckojibko BRflpB ajiro- 
pHXMOB HocxpoeHHa HporpaMMHbix ynpaBjieHHii. Hajinnne nyaccoHOBCKott 
cocxaBji5nom,eH b cjiynaiiHOM BOSMymeHHH flp chx nop ne hosbojisjio cxpo- 
HXb HporpaMMHoe ynpaBjicHHe xaKHMH CHCxcMaMH. HocxpoeHHoe o6o6LLi;eHHe 
(|)opMyjLL.i Hxo-BeHxn;eji5i 3xy ripoGjicMy cHHMaex [6]. 



1 CxoxacTHHecKHH oGtteM 

riycxb x(t) - ^HHaMHHecKHH npoLi,ecc, oripeflejieHHL.iii na M", 5iBji5iioiu;HHca 
pemeHHeM chcxcml.! cxoxacxHHccKHx ^H(|)(|)epeHii;HajiL.HL.ix ypaBHeHHit 



dxi{t) = ai^t;x(t)j dt + ^bi^k(t;yi(t)j dwk{t) + / gi(t;yi(t);-f^iy{dt; dj), 

k — 1 

R(7) 

xft) = xft;x(0)')| =x(0), i = l^, t>0, 
V / \t=o 

(1) 

r^e w(t) - m-MepHbiH bmhcpobckhh npoii;ecc, ^{t; A7) - o^Hopo^naH no t 
Hen;eHxpHpoBaHHaii Mcpa Hyaccona. 

OxHOCHxejibno K034)(|)Hn,HeHXOB a{t] x), b{t] x) n g{t] x; 7) Gyfl^eu npe^no- 
jiaraxb, nxo onn orpannnenbi n nenpeptiBnti bmccxc co cbohmh nponsBO^- 

dai{t;x) dbi^k{t;x) dgiit-^x;^) . . - — 
HL.IMH — , , , I, J = l,n no coBOKynnocxH nepe- 

OXj OXj OXj 

Mennbix (t; x; 7). 
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3tHX yCJIOBHH ^OCTaXOHHO flJIH CymeCTBOBaHHH CJiyHaHHblX BejIHHHH 

x,ft;x(0) + a) -xJt;^{0)) 
JiAt)= l.i.m. f ^ ^, 

KOTopbie Moryx Gbitb Hafi^eHbi xax pemeHHH CHCxeMbi (1) h CHCxeMbi cxoxa- 
cxHHecKHX ypaBHeHHH [n, c. 287] 



dJij(t) = j,j(t) 



9xi(0) aa;/(0) ' ' 7 dxi{0) 



*=o '^'^"1 1, ^=J. 



_ (2) 

Hycxb J(t) = J^t;x(0)j = det ^t; x(0) j j , z,j = l,n. Tor^a cjiyHaii- 

Hyio BejiHHHHy J{t) mojkho paccMaxpHBaxb KaK HKoGHaH nepexo^a ox x(0) k 
x(t;x(0)). 

HpH noMomH cjiyHaftHBix BenmnH Jij{t) mojkho nocxpoHXb BceBOSMOJK- 
Hbie cjiyHaHHbie MHoroo6pa3H3 Ai x(t; A) j (A G P C M'', x(t; A) G M", r < 
n), conocxaBHB hx c KOH4)Hrypaii,HOHHbiMH MHoroo6pa3H3MH Hcxo;];Horo sa- 
;];aHHoro MHorooGpasHa A4^0;x(0;A)j (A G C W, x(0; A) = x(A) G 
W\ r < n). 

Onpe^ejieHHe 1 [2] dAeMenmoM cmoxacmuHecKoso oB'scMa, nopoatcdeHHO- 

20 CAyuauHUM npo%eccoM x( t] x(0; A) ) , HosoeeM cmpyKrnypy dT{t) = J{t) dT(x{0) 



ede J{t) - HKoduan, nocmpoeHHuu U3 aAeMenmoe Jij (^t; x(0)^ , dT{'x) = JJ^ dxi. 

i=l 

Ha ocHOBe onpe^ejieHHH (1) b [2] BBOflHxca cjiynafiHaa cxpyxxypa 

Xrw(t) = J--J f{t;z)dT{z) = j ■■■ j /(t;x(t;y; 

r(i) r(o) 



r^e x(t; y) - cjiyHaflHtiH npoii;ecc co cjiyHaHHbiM HanajibHtiM ycjioBHCM y. 
HpH 3XOM HHxerpHpoBaHHe no cjiynaiiHOMy o6x.eMy T{t) npoBOflHxca na oc- 
HOBe HHxerpajiBHbix cyMM PHMana, noHHXHH cpe;];HeKBaflpaxHHecKoro npe^e- 
jia flJiH jiio6bix HenpepbiBHbix no z, b o6n];eM, cjiynannbix 4)ynKn,HH /(t;z). 
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CTpyKxypa (3) ecxb, b o6iri;eM cjiynae, cjiynaiiHaH BejiHHHHa, na Koxopyio 
MOJKHo nepenecTH yxBepjK^eHHH, aHajiorHHHbie HMeiomnMca b KjiaccHne- 
CKOM HHxerpajiBHOM HCHHCjieHHH. PaBeHCXBO-conocxaBjieHHe (3) b yxasaH- 
HOM CMbicjie - anajior saMeHbi nepeMennbix b xeopHH HHxerpnpoBaHHH b Ma- 
xeMaxHHecKOM anajiHse, b KoxopoM sKoGman npeo6pa30BaHH3 Ji,j{t) - cjiy- 
Hafinaa BejiHHHHa, cocxaBjieHHaa hs pemeHHii cHcxeMbi C^Y (2). 

OnpeflejiHM, npH xaKHX ycjioBHax mojkho paccMaxpHBaxb Bonpoc o6 hh- 
BapnaHXHOcxH (coxpaHeHHH) cxoxacxH^ecKoro oBteivia. 

2 CxoxacTHHecKoe a^po CTOxacTHHecKoro hh- 
TerpajibHoro HHEapHaHxa 

PaccMoxpHM CHCxeMy o6o6iii;eHHt>ix cxoxacxH^ecKHX ;];H4)4)epeHii,HajibHL.ix ypaB- 
HeHHit Hxo Bmjia (1). Hycxt x; oj) - cjiynafiHaH 4)yHKLi,H3, nsMepHMaa 

oxHOCHxejiBHO iioxoKa cr-ajTre6p |-^| j J^ti C J-^j, < ^2? corjiacoBaHHO- 
ro c npoii;eccaMH w(t) h z/(t; A7) (flajiee napanexp a; 6yfleM onycKaxt) h 

OXHOCHXejIbHO JII060H (|)yHKII,HH /(t; x) H3 KJiaCCa JIOKajIbHO orpaHHHeHHbix 

(|)yHKLi;HH, HMeiomeii orpaHHHeHHbie Bxopbie npoHSBo^Hbie no x fl^jis nee bbi- 
nojineHbi cooxHomeHHH: 

j p{t; x)/(t; x)rfr(x) = j p(0; y)/(t; x(t; y))dr(y) (4) 



y" p(0;x)rfr(x) = l, (5) 



lim p(0; x) = 0, rfr(x) = TT rfx^, (6) 

Ixl— >-oo 

' ' i=l 

rjie x(t; y) - pemeHHe ypaBHeHna (1). 

EcjiH /(t;x) = 1, xo H3 ycjioBH3 (4) H (5) cjiepyeT, hxo 

j p{t; x)rfr(x) = J p(0; y)rfr(y) = 1, (7) 
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T. e. flJiH cjiynaHHOH (|)yHKii,HH p(t; x) = p(t; x; u) cymecTByex cjiyHaHHbm 
4)yHKii;HOHaji, coxpaHsioiUHH nocxoHHHoe SHaneHHe: 



KOTopbiii MOJKHo paccMaxpHBaTL. KaK cToxacTHHecKHH oGteM. 

ToTfl^a (4) c ycjioBHHMH (5) h (6) mojkho paccMaxpHBaTb KaK CTOxacxH- 
HecKHii HHTerpajiBHtm HHBapnaHT ^jih 4)yHKi],HH /(t;x). 

Onpe^ejieHHe 2 Heompuv^ameAhHyw (f)yHKV,UKi p{t; x) 6ydeM Hasueamt cmo- 
xacmuHecKUM fidpoM uau cmoxacmuHecKou nAomHocmbm cmoxacmwHecKoeo 
unmeepaAhHoeo UHeapuanma, ecAU eunoAHfimmcfi paeencmea (4), (5) u (6). 

SaMenaHHe 1 Uonsimue UHmespaAbHoso UHeapuanma Bar cucmeMU o6uk- 
HoeeHHUx du(fj(f)epeHii,uaA'bHux ypaeueHuu 6uao useecmHo panee, nanpuMep, 
OHO paMMampueaAocb B. M. 3y6o6UM e [ i, §8 ]. Odnano cyiu^ecmeeHHoe om- 
AUHue, noseoAuemee e [2, 3] paccMampueamb UHeapuaHmHocmb CAynauHoso 
o6mMa Ha ocnoee ndpa UHmespaAtHozo UHeapuanma, cocmoum e moM, umo 
6 (4) npucymcmeyem (^yHKUuoHaAbHuu MHOCHCumeAt. TanuM o6pa30M, no- 
Hfimue fidpa unmespaAbHoso UHeapuanma Bar cucmeMU o6uKnoeennux ducfi- 
(pepenyuaAhnux ypaenenuu, Moofcno paccMampueamh, Kan uacmnuu CAyuau 
eeedennoso e [2, 3], ecAu essimh /(t;x) = 1 u, ucKAwnue cAyuaunocmh, 
aadannym eunepoecKUMU u nyacconoecKUMU upoyeccaMU, paccMampueamh 
unmeepupoeanue no demepMunupoeannojuy o6neMy. 

Onpe^ejiHM cooxHomeHHa, npn KOToptix 4)yHKij,HH p{t] x) fljiH npoHS- 
BOjiBHOH ^BaJK^bi ^HcJicJiepeHL^HpyeMOH (|)yHKii;HH f{t] x) GyjieT sppoM hh- 
xerpajiBHoro HHBapnaHTa. 

JXjis cjiynaiiHoii 4)yHKn;HH /(t;x(t)), r^e x(t) - pemeHHe ypaBHeHHH (1), 




(8) 
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sanHineM o6o6iri;eHHyio cJiopMyjiy Hto [5, c. 271-272]: 



a/(t;x(t)) 



dt 



i=l 



dxi 



i=l j=l fc=l 
n m 



doc 2 



dt+ 



(9) 



+ / |/(t;x(t) + r7(t;x(t);7))-/(f;x(f)) Kt^t;(i7). 



SaMenaHHe 2 B daAtHeumeM, Bar ynpom,eHUfi sanuceu, 6ydeM UMemt e 
eudy, Huio no undeKcaM, ecmpeHamm^uMCR deaotcdu, npoeodumcR cyMMupo- 
eanue (6e3 ucnoAbsoeanusi snana cyjuMu). 

npo^H4)4)epeHi],HpyeM no t o6e nacxH paBencTBa (4), yHHTbiBaa, hto b 
jieBOH nacTH f{t] x) - ;];eTepMHHHpoBaHHaa (|)yHKii,Ha, a b npaBofi f{t] x(t; y)) 
- cjiyHaflnbiil npoLi;ecc. HMeeM: 

/(t;x)d,p(t;x)+p(t;x)^^^^dt)rfr(x)= f p{0;y)dJ{t;^{t;y))dT{y). 



Tor^a, B CHJiy (4) h (9), nojiynaeM: 



dt 



dt]drU) 



j (^f{t-^)dtp{t-^)+p{t-^ 

p(0;y)t/i/(t;x(t;y))dr(y) = J p(t; x)rfi/(t; x)rfr(x) 

^ u ^ \\ dfit;^{^) , , g/(t;x) , 
(ir(x)p(t; x) ■ — h x) — h 



dt 



dxi 



1, , , ,(5^/(t;x 

+-6.,(t;x)6,,(t;x)^-^j 



+ bik{t- ^)^^^^dWk{t) + 

dxi 



+ 



/ (t; X + x; 7)) - f{t; x) z/(c/t; ^7) 



(10) 
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PaccMOTpHM HHxerpaji 



J rfr(x)p(t;x)/(t;x + (?(t;x; 7)). 



(11) 



C^ejiaeM saMeny nepeMennbix: 

x + ^(t;x;7) = y, 

Tor;];a, yHHTbiBaa nepexo^i; ot x k y, nojiynaeM: x = y — g{t; x; 7) 
g{t] ^~^{t] y; 7); 7). Cjie^oBaxejibHO, HHxerpaji / npHMex bh^: 



(12) 

y - 



/ = J dTiy)p {t; y - git; ^-\t; y; 7); 7)) ■ /(t; y) ■ D {^-\t; y; 7)) , (^3) 

r^e D (x~^(t; y; 7)) - HKoGnaH nepexo^a ot x k y. 

C ynexoM (13) h HHxerpHpoBaHHH no BceMy npocTpancxBy R'^, hto fl^aeT 
B03M0>KH0CTt. (jDopMajibHOH saMCHbi o6o3HaHeHHH nepeMeHHOH HHTerpnpoBa- 
HH3, nojiynaeM: 

y"c^r(x)p(t;x) j [/(t;x + ^(t;x;7))-/(t;x)]z/(f^t;c?7) = 

R" R(7) 

c/r(x)p(t;x) j f {t;:si + g{t;x■,-f))u{dt;d-f)- 
R(J) 

dr(x)p(t;x) j f{t;x)u{dt;d^) = 

R(7) 

j (ir(x) J (p(t;x-(7(t;x-i(t;x;7);7)) ■/(^;x)■Z}(x-l(^;x;7)))l/(c^^;rf7)- 
R" R(7) 

-y"c/r(x)p(t;x) j f{t;^)u{dt;d^) = 

R" R(7) 

dr(x)/(t;x) j [p(t;x-^(t;x-i(t;x;7);7))- 

R(7) 

■Z}(x-i(t;x; 7))-p(t;x)]z/(rft;d7) 

(14) 
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YHHTMBaH (5), BL.IHHCJIHM cjieflyioin,He HHTerpajit.1, Hcnojibsya HHxerpH- 
poBaHHe no nacTHM: 



fir(x)p(t; x)ai(t; x) 



rfr(x)p(t;x)6ife(t;x; 



dr(x)p(t; x.)bikit; :ii.)bjk{t; x) 



dxi 



dxidxj 



(15) 

(16) 
(17) 



/I^jiH (15) HMeeM: 



dr{x)p(t; x)ai(t; x 



^/(t;x) 



JJ^ dxjp{t; x)ai{t; x 



, g/(t;x) 



+ 00 , +00 

n— 1 



JJ^ / p(t; x)ai{t; x) — ^(ix,;. 



C ynexoM (6) bl.ihhcjihm BHyTpeHHHii HHTerpaji c noMoin;bio HHxerpHpoBaHHS 
no HacT3M: 



p{t; x)ai(t; x) "^^ ' — ^(ix,; 



p{t;x)ai{t; x)/(t;x) 



+ 00 



5x,; 



^ g(p(t;x)a.(t;x)) ^^^ 



a(p(t;x)a.(t;x)) ^^^_ 
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Cjie^oBaxejibHo, 



J dT{x)p{t;x)ai{t;x) 



dxi 



JJ^ dxjp{t; x)ai{t; x 



g/(t;x) 

dxi 



Y\dXj / p(t;x)ai(t;x 



g/(t;x) 

dxi 



dxi 



+00 



Wdxj / /(t;x 



g(p(t;x)ai(t;x)) 

5Xi 



rfr(x)/(t;x 



^ g(p(t;x)ai(t;x)) 

9Xi 



(18) 

AHajiorHHHbiM o6pa30M bmhhcjihm BTopoH HHxerpaji (16) h, npHMenaa jxea.- 
jKflbi HHxerpHpoBaHHe no nacTHM, bbihhcjihm TpexHli HHxerpaji (17): 



(ir(x)p(t;x)6ifc(t;x 



g/(t;x) 
dxi 



dT{x)f{t;x) — , (19) 



dT{x)p(t] x)bik{t; x)bjk{t] x) 



d'fit;x) 
dxidxj 



dr(x)/(f;x 



92 {p{t;x)kk{t; x)bjk{t; x)) 



(20) 



dxidxj 



B (10) nepeneceM Bce b npaByio nacTb h c ynexoM (14), (18), (19) h (20) 
nojiyHHM: 

a/(t;x(t)) , 
-(ii(p(t;x)) + 



0= / dr(x)/(t;x 

df{t;x{t)) dp{t]x)bik{t]x 



+ 



■dwk{t)- 



+ 



dt dxi 
d{p{t-x)ai{t] x{t))) ld^p{t;x)bikit;x)bjkit;x)) 

2 



dxi 



dt+ 



p{t;x- g{t;x ^(t; x; 7); 7)) ■ D (x ^(t; x; 7)) - p(t; x) iy{dt;d'y) 



(21) 

MtoGm paBCHCTBO (21) HMejIO MeCTO flJIH JIIo6oii JIOKajIBHO OrpaHHHeHHOH 

(|)yHKii;HH /(t;x), HMeiomeH orpaHHHeHHbie npoHSBOflHbie BToporo nops^Ka, 
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HHTerpajibHbiH HHBapHaHT p(t; x) ^ojiacen SBjiHTbCH pemeHHeM CTOxacTHHe- 
CKoro ypaBHeHHS 

= _ gp(t;x)6..(t;x) ^^ ^ / a(p(t;x)a.(t;x)) ^ 

axj V oxi 

, ia2(p(t;x)b,fc(t;x)&jfc(t;x))' 



2 dxidxj 



dt+ 



+ j p(^;x-^(t;x ^(t;x;7);7)) ■D(x ^(t;x;7)) -p(t;x) z/(rft;c/7). 

R(7) 

(22) 

HpH 3TOM ^OJIJKHbl Bt>inOJIH3TbCa yCJIOBHa 

p(f;x)[^^=p(0;x)GCo^ 
limp(0;x) = 0, lim^^=0. ^'^^ 

|x|— >oo |x|— >oo UXi 

TaKHM oGpasoM, nojiyneHbi ycjioBna HHBapHaHTHOCTH CTOxacTHHecKoro 061.- 
eMa H ^OKasana cjie^^yiomaH 

TeopeMa 1 Uycmb x(t), x G M", pemenue cucmeMU o6o6ineHHUx cmoxa- 
cmuHecKux ducficfjepeHv^uaAbHux ypaeneHuu Hmo 

m „ 

dxi{t) = ai^t;x(t)j rft + ^ 6^,^ (^t; x(t) j (i«;fc(t) + / gi(^t;yi{t);-f^i^{dt; dj), 

''=^ ]R(7) 

x(t) = x(|i;x(0))| Q = x(0), i = T^, t>0, 

zde w(t) - m-MepHuu eunepoecKuu npov^ecc, v{t\ A7) - odHopodnafi no t 
HeyenmpupoeaHHasi Mepa Uyaccona u p{t] x) - CAyuauHafi cfjyHKyusi, u3Me- 

puMan omHocumeA'bHO noraona a-aAse6p |-^| > J^ti C J-fj, ti < ^2? cosAa- 

coeaHH020 c npoyeccaMU w(t) u v{t\ A7) it omHocumeAtHO awBou (^yuKunu 
f{t; x) W3 KAacca G AOKaAhHO ozpanuHCHHUx (^yuKyuu, UMemm,ux ospanu- 
HCHHue emopue npouseodnue no x. (pyuKV^UH p{t] x) neAfiemcfi cmoxacmu- 
HecKOM fidpoM cmoxacmuHecKoso unmespaAbHoso UHeapuanma (4) Oa^i npo- 
useoAbHou AOKaAbHO ospaHUHeHHOU (pyHKV^uu f{t] x) G &, ecAU ona fieAfi- 
emcR pemenueM cucmeMU (22) o6o6m,eHHUx CJjy Hmo, ydoeAemeopsi'K)iu,UM 
HanaAbHUM ycAoeuuM (23). 
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3 06o6LLi,eHHe (J)opMyjibi HTO-BeHTii,ejia 

PaBeHCTBo (4) c ycjioBHHMH (5), (6) H ypaBHCHHe (22) ^jih H^pa HHxerpajit.- 
Horo HHBapHaHxa cooTBexcTBOBajiH cjiynaio ^exepMHRHpoBaHHOH 4)yHKn;HH 
f{t] x). ITojioa^HM BbinojiHeHHe aHajiorHHHoro paBencxBa ^jia cjiynaHHofl cJjyHK- 
ii,HH z(t; x): 



rjie x(t; y) - pemeHne CHCxeMBi C^Y (1). 

PaccMoxpHM cjioacHBifi cjiyHaHHbm npoii;ecc z (t; x(t; y)) e R"°, r^e x(t; y) 
- pemeHHe CHCxeMti Cffy (1), a npoiJ,ecc z(t;x) - pemeHHe CHCxeMbi o6o6- 
meHHbix C^y Hxo: 



OxHOCHxejiBHO cjiyHaHHbix (|)yHKn;Hii Il{t; x), -Dfc(t; x), G{t; x; 7), onpe^ejien- 
HBix Ha npocxpancxBe M"°, npe^nojiaraeM, hxo ohh Henpept.iBHt.i h orpaHH- 
HeHbi BMecxe co cbohmh npoHSBO^HbiMH no bccm nepeMeHHbiM, HSMepHMbie 
oxHOCHxejiBHO HoxoKa cr- ajire6p J^t, corjiacoBaHHoro c npon;eccaMH w(t) h 



OnHpaacb na ypaBHenne fl^jia cxoxacxH^ecKoro HHxerpajibHoro HHBapn- 
anxa, nocxpoHM npaBHjio flH(|)(|)epeHLi,HpoBaHH3 fljia cjiojKHoro cjiynaHHoro 
npoii;ecca z (t; x(t; y)). 



PaccMoxpHM HHxerpaji / p(t; x)z(t; x)(ir(x). HocKOJibKy HHxerpHpoBa- 



HHe npoBOflHXCH no npocxpancxBy M", na KoxopoM sa^an npon;ecc x(t), hc- 
nojiBsyeM paBencxBO (24), sanncaB ero b Bmfl^e (noMensB nacxH paBencxBa 
MecxaMH) : 




(24) 




(25) 



Ri-y) 



V{t- A7) H3 (1). 





(26) 
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npoflH(|)(|)epeHii,HpyeM o6e nacxH (26) no t: 

p{Q;y)dtz{t; x(t;y))dr(y) = 

dp{t;x.)bik(t]yi 



p{t; x.)dtz{t; x) + z{t; x.)dtp{t; x) - Dk.{t; x)- 



*)<(r(x), 



(27) 

YHHTbiBaji, HTO HHxerpHpoBaHHe Hflex no npocxpancTBy nocjie BBefle- 
nna saMenti nepeMennoii, to npn HHTerpHpoBaHHH no KpnBon -^(7) b stom 
npocxpancTBe nyjKHO ynnTBiBaxB npoHSBe^enHyio aaneny (12). 

HocKOjiBKy (|)ynKu;H5i p{t;x.) - a^po nnxerpajibnoro nnBapnanxa (24), 
npHMenHM xeopeMy 1. Ho^cxaBHM (22) n (25) b npaByio nacxt (27): 

h= f (p(t; x)(j,z(t; x)+z(t; ^)d,p{t- x)-D,(t; x) ""^J"^'^^' dt) rfr(x) = 



dr(x)<^ p(f;x) n(t;x)c?t + L)fc(^;x)rf^/;fc(^) + 



R" 



+ j G{t-^ + g{t;^~\t;^;-fy,^)u{dt;d-f) 

R(7) 



fz(t; X 
+ 



dp{t]yi)hik{t]yi) 



dwk{t) + 



a(p(t;x)a,(t;x)) 1 9^ (p(t; x)6ifc(i; x)6jfc(t; x)) 



V 2 
p (t; X - g{t; x-^(t; x; 7); 7)) ■ D (x"^(t; x; 7)) - p{t; x) z/((it; 6^7) 



-D,(t;x)M!ii^M^rft 



dt+ 
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HpHBe^eM nofloGHbie: 



h = I c^r(x) ( Pit- x)n(t; x) - z(t; ^ 



dxi 

dp{t;x.)bikit;x.) 1 d"^ {p{t;:K.)bikit;x.)bj kit;x.)) 



dxi 



dxidxj 



dt+ 



+ I rfr(x)(p(t;x)I^fc(t;x)-z(t;x) ^^ J^«^fc(t) + 



+ / rfr(x) 



<9(p(t;x)6,fc(t;x))\ 

5 

OXi J 

p{t-^)- j G{t;^ + g{t-^-\t-^-j)-^))u{dt;d-f) + 



R(7) 

+z(t;x) y p{t;x- g{t;x~\t;x;-f);-f)) ■ D {x'\t;x;-f)) - p{t;x) u{dt;d-f) 

(28) 

B CHjiy (18), (19), (20) HMeeM: 

/■ ,-p/ X /, ^ ^(p(^;x)a^(t;x)) /" ,5z(t;x) 

/ ar(x)z(t;x) — = — / ar(x)p(t; x)aj(t; x^ 



dr(x)Dfe(t;x 



a(p(t;x)6ifc(t;x)) 



dxi 



(ir(x)z(t; X 



rfr(x)p(t;x)6ifc(t;x) 



dDk{t;x) 
dxi 



{p{t;x)bik{t;x.)bjk{t;x.)) 



dT{x)p{t] x)bik{t] x)bjk{t] x) 



Bmhhcjihm nocjie^HHH HHxerpaji b cyMMe (28): 



92z(t;x) 



h = j dT{x)z{t;x) ■ p(^t;x- g{t;x \t;x;-f);-f)^D{x \t;x;-f)). ^29) 



BBefleM saMeny nepeMeHHbix: 



X - git;x i(t;x;7);7) = y, 
X = y + ^(t; x-i(t; x; 7); 7) = y + g{t; y; 7). 
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06o3HaHHM SKoGnaH nepexo^a ot BCKTopa x k BCKTopy y lepes Do(x~^(t; y; 7)). 
Tor^a, B CHjiy (11) h flajiBHeHineH (|)opMajibHOH saMenti o6o3HaHeHH3 nepe- 
MeHHoii HHTerpnpoBaHHH, nojiynaeM: 

l2 = J (ir(y)z(t;y + (7(t;y;7))-p(t;y)D,(x-i(t;y;7))D(x-i(t;x;7)) = 
dT{y)z(t;y + g{t;y;-f)^p{t;y) = j dT{:K.)z(^t;x + g{t;:si; 7))p(t;x). 



B pesyjiBxaxe, npaBaa nacxB (27) npHMex bh^: 



h = j rfr(x)p(t;x)|(Dfc(t; x) + b,fc(t;x) 



dz{t; x) 

dxj 



+ ( n(t; x) + ai{t- x) ' + hk{t; x) ' ^ + -b,fc(t; x)b,fc(t; x)- 



(30) 

dwk{t) + 

d^z{t-x) 



z(t;x + 5((t;x;7)) - z(t;x) iy{dt;d-f) 



dt 



Riy) 



Ril) 



B (27) nepeneceM Bce b npaByio nacxt. h c ynexoM (4) nojiynaeM: 



= / dT{y)p{0; y) <^ -dtz{t; x(t; y))+ D,.(t; x(t; y)) + 6,fc(t; x(t; y)) 



(31) 



(?z(t; x) 



dxi 



dwi 



+ n(t; x(t; y)) + a,(t; x) ^ + fo,fc(t; x) ^^^ + 



oxi ox 

1, / / / / (5^z(t; x(t: y)) 

+ -6,fc(t;x(t;y))6,fc(t;x(t;y)) ^ ' ^ '"'^^ 



dt- 



+ y G(t;x(t;y) + (7(t;x(t;y);7)z/(rft;c/7) + 

i?(7) 

z(t;x(t;y) + ^((t; x(f; y); 7) ) - z(t;x(t;y)) u{dt]d-f) 



+ 

R(7) 

Cjie^OBaxejiBHO, nocxpoeHHoe npaBHjio ;];H(|)(|)epeHLi,HpoBaHH3 cjioJKHoro npo- 
ii;ecca 6yfl^eT HMexb bh^, Koxopbifi onpe^ejiaex cjie^yiomaa 
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TeopeMa 2 [9] nycmt CAyHauHuu npoyecc z {t; x(t; y)) G ]R"°, gde x(t; y) G 
M" - pemenue cucmeMU o6o6iu,eHHUx C/JV (1), a npoyecc z(t;x) - pe- 
luenue cucmeMU o6o6m,eHHUx C/JV (25). OnmocumeAhHO Koacfjcfjuyuenmoe- 
CAynauHux cfjyHKyuu, exodfivu^ux e cucmeMU (1) u (25), onpedeACHHUx na 
npocmpaHcmeax M""" M" coomeemcmeeHHO, npednoAaeaeM, nmo ohu nenpe- 
puenu u ospaHUHCHU eMecme co ceouMU npouseodnuMU no eceju nepeMen- 
HUM, usMepuMue omHocumeAhHo nomona a-aAse6p Tt, cosAacoeaHHoso c 
npoyeccaMU w(i) u z/(t; A7) us (1). Tosda caomchuu CAyuauHuu npoyecc 
z(t;x(t;y)) sieAsiemcR pemeuueM cucmeMU o6o6m,eHHUx C/^V 

dtz{t; x(t; y)) = (^Dk{t; x(t; y)) + b,k{t; x(t; y))^^^^^^^^)dwk{t) + 

, fTir+ (+ \\ , 1+ (+ NN^2;(t;x(t;y)) ^^^(t; x(t; y)) 
+ n(t; x(t; y)) + ai(t; x(t; y)) + hikit- x(t; y)) + 

V OXi OXi 

+h>Ut; x(t; y))h,,{t- x(t; y))^!^M^)rft+ 



G{t] x(t; y) + ^(t; x(t; y); 7)z/(dt; ^7) + 
y z(^; x(t; y) + ^(t; x(t; y); 7)) - z(t; x(t; y)) z/(c?t; ^7). 



iJ(7) 

+ ^ 



«(7) 



(32) 



Ho anajiorHH c HSBecTHofi TepMHHOJiorHeii, cJaopMyjiy (32) HasoBCM oGoGmeH- 
HOH (jDopMyjioii HTO-BeHTii;eji3 ^Jia o6o6iri;eHHoro ypaBHCHHa Hto c Hen;eH- 

XpHpOBaHHOH MepOH. 

KpoMe Toro, mojkho c4)opMyjiHpoBaTB eme o^ho 

yTBep:H<;^eHHe 1 Ecau z[t] :x.{t; y)) - pemenue cucmeMU (32), ydoeAemeo- 
psimui^ee nanaAhnoMy ycAoeum 

z(t;x(t;y))[^^ = z(0;y), z(0;y) gC^, 

mosda CAynaunafi cfyynKyuji p(t;x), usMepuMasi omnocumeAtno nomona cr- 

aAse6p |-^| ; C J^t2J ti < ^2; cozAacoeannoso c npoyeccaMU w(t) u 

iy{t] A7) fieAfiemcfi cmoxacmunecKOM fidpoM cmoxacmunecKoso unmespaAh- 
no20 uneapuanma (24). 
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4 CxoxacTHHecKHH nepBbiH HHTerpaji 

B [1] 6t.ijio BBe^eHo noHaxHe nepBoro HHxerpajia ^jih cHcxeMBi cxoxacTHHe- 
CKHX flH(|)(|)epeHij;HajiBHt.ix ypaBHeHHii Hto (6e3 nyaccoHOBCKoii cocTaBjiaio- 
mefi), B [3, c. 24] - noHHTHe cxoxacTHHecKoro nepBoro HHTerpajia ^Jia ch- 
cxeMbi oGoGmeHHbix cToxacxHHecKHx ;i,H4)(j3epeHn;HajibHt.ix ypaBHeHHfi Hto c 
ii;eHTpHpoBaHHOH nyaccoHOBCKoii Mepoii. BBe^eM aHajiorHHHoe noHHTHe ^jia 
cjiynaH HajiHHHH HeiJ,eHTpHpoBaHHoil Mept.1 HyaccoHa. 

Onpe^ejieHHe 3 CAyHaunym (fjyHKyum ti(t;x;a;), onpedeAeHHym na moM 
Mce eepofimHocmHOM npocmpaHcmee, umo u peiuenue cucmeMU (1), 6ydeM 
Hasueamb cmoxacmuHecKUM nepeuM unmespaAOM cucmeMU (1) o6o6m,eH- 
Hux C/jy Mmo c HeyeHmpupoeaHHOu nyaccoHoecKOU Mepoii, ecAU c eepo- 
RmHocmhw, paenou 1, eunoAHSiemcsi ycAoeue 

M(^t;x(t;x(0));u;) = u(0;x{0);u^ 

dAR AH)6o20 pemeHUH x(t;x(0);a;) cucmeMU (1). 

Onpe^ejiHM ycjioBHa, npH BBinojiHeHHH KOTopbix 4)yHKri;H5i u{t; x; u) 6y- 
^eT CTOxacTHHecKHM nepBBiM HHxerpajioM CHCxeMBi (1). 

JleMMa 1 EcAU ((jyunyusi p{t; x) - cmoxacmuHecKoe fidpo UHmezpaAbHozo 
UHeapuanma n-so nopfidna cmoxacmuHecKozo npoyecca x(t), euxodfivnedo 
U3 CAyuauHou uiohku x(0) = y, mo Bar a'K)6oso t ona ydoeAemeopsiem pa- 

eencmey p^t; x(t; y) j J(t; y) = p(0;y), sde y) = J(t;x(0)) - HKo6uaH 

nepexoda om x(t) k x(0) = y. 

Proof. 06paTHMC3 k paBencxBy (7). npoHSBe^eM aaMeny nepeMennbix 
B HHxerpajie h nojiyHHM yxBepjK^eHHe jieMMti, nocKOjiBKy HHxerpnpoBaHHe 
ripoHcxo^HX no o^HOMy h xoMy jkc cjiynaiiHOMy o6x.eMy: 

1 = j p(0;y)dr(y) = j x)(ir(x) = J x(t; y)) J(t; y)c?r(y). 

M" R" R" 

B CHjiy xoro, hto cjiyHaflHbm npoii;ecc x(t) onpejiejien b pacniHpeHHOM 
(|)a30B0M npocxpaHCXBe o6iri;eH pasMepnocxH, paBHofi n+1, xo p^jis onpej^ejie- 
HHH e^HHCXBCHHOCXH XpaeKXOpHH, CHCXCMa ^H4)4)epeHii;HajibHL.ix ypaBHeHHH 
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fljia cToxacTHHecKHx a^ep ^ojiacna cocToaxb He Menee, hcm h3 n + 1 ypae- 
HeHHH: 

rftPKt;x) = + [ + 

^ I d"^ {pi{t;^)bik{t;^)bjk{t;^)) \^ ^ 
2 dxidxj J 

+ y P/ (i;x-5f(t;x"^(t;x;7);7)) (x"^(t;x;7)) -p,(t;x) z/(dt;d7), 



Pi{t; x(t)) = pKO; x(0)) = pi{0;y), / = 1, n + 1. 

(33) 

KaK HSBecTHo, coBOKynHocTb H^ep HasbiBaexcii nojiHoii, ecjin jiioGaa flpy- 
raa cJ)yHKn;H5i, HBjiHiomaHCil a^poM HHxerpajiBHoro HHBapHaHxa n-ro nopa^- 
Ka, MOJKeT 6biTb npe^cxaBjiena KaK (|)yHKii;Ha ox sjieMenxoB sxoii coBOKyn- 

HOCXH. 

TeopeMa 3 CucmeMa cmoxacmuHecKux ypaeneHuu (1) o6Aadaem uoahou 
coeoKynHocmbK) fidep, cocmofim,eu U3 {n + \)-u (pyHKyuu, naotcdafi us Komo- 
pux fieAfiemcfi peiuenueM ypaenenusi (22). 



Proof. Hycxb pi{t;x.), I = l,m, m > n + 1 - a^pa HHxerpajiBHoro hh- 
BapnaHxa (4). Hs jieMMbi 1 cjie^yex, hto ^jia jiio6bix I ^ n + 1 oxHomeHHe 
Pi(t;x(t;y)) 

ecxB riocxoaHHaa, saBHCsmaa xojibko ox x(U) = y ^jih jiio- 

p„+i(t;x(t;y)) 

^ /.N wn^ A(^;x(t;y)) p«(0;y) 

ooro pemeHHa x t CHCxeMti iiy 1 : ; ; = ; -. iiocxpo- 

^ ^ _ p„,+i(t;x(_t^)) p„+i(0;y) 

HM (|)yHKij;HH 9i{t;x.) = pi(t; yi) p^^-^^{t; x.) , I = l,n, npn ycjioBHH jiHHefiHOH 

HeaaBHCHMocxH 4)yHKii;HH Pi(0;y), pri+i(0;y). B cHjiy cneii;H(|)HKH no^xofla, 

onHcaHHoro bo BBe^eHHH, h nojiyneHHofl neaaBHCHMocxH (JayHKi^Hii 9i{t]x.), 

ripH t = MOJKHO 6bIJIO riOCXpOHXB B3aHMHO-OflH03HaHHOe COOXBeXCXBHe: 

Xi = q^{ei,92,...,en). (34) 

fljia coKpameHHa b sanncH BBe^eM oGosHaneHHa: 9 = {9i,92, ■ ■ ■ , 9n}, ~(t = 
{qi,q2,...,qn} e M^ ^(t;x) = {pi(f; x), p2(t; x), . . . , p3(t; x)} e M". TaK 
KaK B CHjiy ycjiOBHa (34) ^jia neKoxoporo s > 1 h jibjGor ^pyrott (|)yHKLi;HH 
x{t; x) = pn+sit; x) Pn+iit'-i x) B MOMeHX BpeMCHH t = B03M0JKH0 npe^cxaB- 
jieHHe _^ 

X(0; y) = p„+,(0; y) p-l,iO; y) = ^(^( ^ )) , 
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TO, cjie^oBaxejibHO, ^jih jik)6oh 4)yHKii,HH pn+s{t; x), HBjisiomeHCH a^poM HH- 
xerpajibHoro HHBapnaHTa cHcxeMbi (1) b cHjiy yTBep:a<;fleHHa jieMMbi 1, no- 
jiynaeM, c ynexoM nocxpoeHHH 4)yHKii;HH 6i{t]x.): 

X{t] x(f; y)) = pn+s{t; x(t; y)) p;^ji(t; x(t; y)) = 

= p„+,(0; y) p-l,{0- y) = x(0; y) = ?(^^ x(t; y)) ■ ^ (t; x(t; y)))^ . 

Hs 3Toro cooTHomeHHH H cjie^yex, hto ^jih jiio6oro t > h Bcex s > 1 

x(t; y)) = p„+i(t; x(t; y)) ip (^p'iiit; x(t; y)) ■ "^(t; x(t; y)))^ . 

T. e. nojiHaH coBOKyrmocxB H^ep coctoht h3 + jiHHeiiHo neaaBHCHMbix 
4)yHKii;HH. 

Cjie^CTBHe 1 UoAHasi coeoKynHocmt auhcuho nesaeucuMux cmoxacmuHe- 
CKux nepeux unmespaAoe cucmeMu (1) cocmoum us n (pyHKUiUil. 

Proof. cI?yHKn;H5i Ui{t] x) = pi{t] x)p~^]^(t; x) o6jia^aeT CBoiicTBaMH, ohh- 
caHHbiMH B onpe^ejieHHH 3 h SBjiaexca CTOxacxHHecKHM nepBbiM HHxerpajiOM 
cHcxeMBi /],y (1). TaKHx (J)yHKi];HH nojiyneHo poBHo n. 

SaMenaHHe 3 Uycmh CAyHauHuu npov^ecc x(t) fieAfiemcfi pemenueM o6o6- 
m,eHH020 ypaenenufi Hmo, Komopoe npedcmaeuM e eude: 

dt^{t) = a{t; x{t))dt + b{t; x(t))dw(t) + dP{t, A7) = dtx{t) + dP{t, A7). 

Tosda o6o6iu,eHHy'K) cfjopjuyAy Hmo (9) mochcho aanucamt e eude: 

dj{t; x(t)) = dj{t; x(t)) + d,P{t, A7), (35) 

sde (it/(t;x(t)) - ducfjcpepenyuaA Hmo dAR nacmu (itx(t), dtP{t,A^) - ducp- 
(fjepenyuaA nyaccoHoecKou doBaenu dP{t, A'-y) . 

HoCTpOHM ypaBHeHHe ^JIH u(t;X.), BOCriOJlBSOBaBIUHCB CJie^CXBHCM 1 H 

cooTHomeHHeM : 

In Us{t;x.) = lnps(t;x) - lnpi(t;x). (36) 
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npo^H(|)(|)epeHn;HpyeM In p{t; x) c HcnojibsoBaHHeM (22) h o6o6in;eHHOH 
(J)opMyjiL,i Hto h (35). 

2 



lnp(t;x) 



+ 



-(itp(t; x) - 



1 



2p2(t;x) 



a(p(t;x)bjfc(t;x)) 



ln{ (t;x-^(t;x(t;y);7);7) ■ D (x ^(t; x; 7)) } - lnp,(t; x) u{dt; d-f). 



(37) 



PaccMoxpHM cyMMy nepBbix ;];Byx cjiaraeMbix, p^jia KOMnaKXHOcxH sanncH 
onycKaH apryMenx y 4)yHKii;HH: 

I ~ I / r/i nn- 7 1 \ ^ 

Si 



1 ;7 1 

p 2p2 
a(pai) ^ Id^ipkkbjk) 



d{phi 



dxi 



2p2 



dxi 



daj _ 
dxi 
dbik 



2 dxidxi 



dt 



d{ph 



i k , 



dxi 



dwkif) 



1 



2p2 
(91np 



djpbik] 
dxj 



dxi 



+ 



P 



-7\ r Oik T\ — 

OXi OXi 



]_d_ 

2p dxi 
2 -[ 



P 



dt = 
dbikbjk 



dt - L 



r. i OikOjk^ 

OXj OXi 

d\np dbik 



(38) 



dxi 



dxi 



S2dt - [bik 



5 In p dbi I 

dxi dxi 



dwkit) 



dwkit). 



HpeoGpaayeM nacxb 5*2 : 
S2-- 



dai dlnp dbikbjkdlnp Id^ihkbjk) , 1, , 

— 0.i— 1 h - — h -OikOjk 



1 d^p 



dxi 



dxi 



dxj dxi 2 dxidx 



'J'-^ + b,k^] ('-^ + b.k'-^) 

dxj J 



p dxidxj 



bik /In 

OXi OXi J V 

dttj _ ^ dlnp ^ dbikbjk d^'i^P ^ 1 d'^jbjkbjk 
dxi * dxi dxi dxi 2 dxidx 



1 51np51np 
+ - bikbjk- 



dxi dxi 



daj 
dxi 



dbik dbjk , ^ , dbjk d\np 



1 92 Inp 

77 bikbjkT^ — 7\ — ^- 

2 OXi OXi 



dxi dxi 



dxj dxi 



dlnp ^ dbikbjk t^lnp ^ 1 d\bikbjk) 
'' dxi dxi dxi 2 dxidxi 



dlnp dlnp 

dxi dxj 
52 In p 



bikbjk 

TT bikbj k 

2 dxidxi 



1 dbik dbjk ^ 51np 

2 c^x,- 5a; o 



bik 



(39) 
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Cjie^oBaxejibHo, noflCTaBjisH (39) b (38), saxeM b (37), nojiynaeM cjie^yromee 
ypaBHCHHa ^jia In p{t; x): 



dt In p{t] X 
1 



dai{t;x.) _ ^^^ d\np{t;x.) _ 1 dbjkjt; x) dbjkit;x.) ^ 
dxj * ' dxj 2 dxi dxi 



. a2lnp(t;x) d{bik{t;^)bjk{t;^)) 91np(t;x) 
+-fo,,(t;x)fo,,(t;x)^-^ + , , + 



dxi 



dxj 



1 9^ (b.ifc(t;x)6jfc(^;x)) ^ dbjkjt; X.) glnp(t; x) 

2 dxidxj ' 

In { p (t; X - ^(t; x(t; y); 7); 7) ■ D (x-i(t; x; 7)) } 

R(7) 

— In pit; x) z/((it; ^7) — 



dt+ 



dbik{t;y^) ainp(t;x) 

~r Oj k XJ 



dxi 



dwkit). 



(40) 

Onnpaacb na nojiyneHHoe ypaBHenne (40), cocxaBHM ypaBHenna p^jt; x) 
H P;(t; x) H c ynexoM (36) npaxo^HM k BtiBo^y, hxo cxoxacxHHecKHii nepBbifi 
HHxerpaji u{t; x; cj) o6o6iri;eHHoro ypaBHenna Hxo sBjiaexca pemeHHeM ypaB- 
HeHHa: 



dtu{t; x) 
-bik{t;x.] 



, .duit;x.) 1, . / .d'^uit;x.) 



dxi 



bjk{t;yi 



du{t; x) 



, , / N c?ti(t; x) 
(it - 6ifc(t;x)— ^- — dwkit)+ ^^i^ 



uit;y.-g{t;x ^(t; x; 7)); 7 ) - u(t; x) u{dt;d'j) 



+ 

B paGoxe [1] 6l.ijio BBe^eHo noHsxHe nepBoro nnxerpajia ^jih cncxeMBi 
cxoxacxHHecKHx ^H(|)(|)epeHii,HajiBHL.ix ypaBHeHHH Hxo, kb-k HecjiyHanHbix c|)yHK- 
ii,HH Ha npoH3BOJiBHL.ix cjiyHaHHBix peajiHsai^HHX BOSMymeHHii: 



u(0;x{0)^ = u(t;x{t;x{0)) 



OflHaKO MOJKHO roBopnxB H o cxoxacxHHecKOM nepBOM HHxerpajie ^jih ch- 
cxeMbi cxoxacxHHecKHx ^H(|)4)epeHn,HajiBHL.ix ypaBHeHHH Hxo. Cjie^yex ox- 
MexHXb, HXO npH oxcyxcxBHH nyaccoHOBCKHX BOSMymeHHH xaKJKe mojkho 
roBopHXb o cmoxacmuHecKOM (a He xojibko ^exepMHHHpoBaHHOM) nepBOM 
HHxerpajie. 
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JJjis cjiynaa tojibko BHHepoBCKHX BOSMymeHHii (KjiaccHHecKoe ypaBHe- 
HHe Hto) b [1] Hccjie^oBaHHe cbohctb nepBoro HHxerpajia xax ^exepMHHH- 
poBaHHOH 4)yHKn;HH 6l.ijio CBasano c ycxaHOBjieHHeM HesaBHCHMOcxH xaKofi 
4)yHKU,HH ox peajiH3au,Hii w{t). B paccMaxpHBaeMOM naMH b paMKax onpe^e- 

jieHH3 3 cjiynae 4)yHKii;H5i u^t;xj, fl^jiz Koxopofi nocxpoeno ypaBHeHHe (41), 
aaBHCHx xaKJKe h ox riyaccoHOBCKHx BOSMymeHHii, x. e. HBjisexcs cjiynaHHOH. 

HpH flo6aBjieHHH nyacconoBCKHx BoaMymeHHH (o6o6iri;eHHoe ypaBHeHHe 
Hxo) xaKoe xpeGoBanne, xax cjie^yex h3 ypaBHeHHH (41), hphbo^hx k cjie- 

flyiOmHM yCJIOBHHM. 



Ha moM 



TeopeMa 4 CAyuauHaH cf)yHKn,usi ti(t;x(t)) G Ci '^ , onpedeAenHan 
CHce eepofimHocmHOM npocmpaHcmee, umo u CAyuauHuu npoyecc x(t), fieAfi- 
winuucfi pemenueM cucmeMu o6o6iu,eHHUx cmoxacmuHecKux du(f)(f)epeHii,u- 
aAhHux ypaeneHuu Hmo (1), ecmb nepeuu unmespaA cucmeMU (1) mozda 
u moAbKO mosda, Kosda cfjyHKV^u^ M(t;x(t)) ydoeAemeopfiem ycAoeuHM C): 



1. bikit;x 



du{t] x) 



dxi 

eo3Mym,eHUJi) ; 

du(t; x) du{t; x 

dt dxi 
om epeMCHu); 



0, Basi ecex k = \,m (KOMneHcaiL,usi eunepoecKozo 



, , ^ 1 , .dhikit]^) 
ai(t;x)--6jfc(t;x) 



dxi 



(HesaeucuMocmh 



3. u(t] x) — w^t; x + g{t; x; 7)^ = Sah ak)6ux 7 G i?(7) eo eceu o6Aacmu 
onpedeACHUfL npoyecca (noMneHcauufi nyaccoHoecKux CKauKoe). 

Proof. PaccMoxpHM ypaBHenne (41), pemeHHeM Koxoporo aBjiaexca (|)yHK- 
n;Ha[ u {t; x(t)). HepeHeceM Bce b o^^ny cxopony ox snaxa paBencxBa. ynnxbi- 

, , , du(t; x) 
Baa, HXO atu[t] x) = — — — at, HOJiynaeM fl^jis Jiioooro t: 

du(t;x.) , .du(t\yi) 1 , ,, , .d'^u(t;x.) 



+6ifc(t:x)-^ I 6, fc(t:x)^^4^ 



, , / \ du(t; x) 
dt + bik{t;x)—^ — dwk[t)- 



u(t\y.- g{t;yi ^(t; x; 7)); 7 ) + n(t; x) z/(cit; ^7) = 



iJ(7) 
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CjieflOBaxejibHO, MHOJKHxejiH npn dt, npn dw{t) h npn i/{dt;d'j) ^ojijkhbi 
6B.iTb HyjieBbiMH. «BHHepoBCKoe» cjiaraeMoe paBHO nyjiio: 



Oj/c(t;x) — = ^jia Bcex k = l,m. 

OXi 



(42) 



«nyaccoHOBCKOH» nacxH nojiynaeM: 

M(t;x-^(t;x-i(t;x;7));7) -M(t;x) =0. (43) 

HpeoGpasyeM paBencxBO (43). Hepefi^^eM k nepeMeHHbiM 

y = X - 5((t;x~^(t;x;7);7). 

yHHTbiBaji, HTO x^^(t;x;7) - oGosHaneHHe o6paTHoii (|)yHKn;HH ^jia /(x) = 
x + g{t; x; 7) (cm. (12)), y6e>KflaeMC5i, hto sto ycjiOBHe SKBHBajieHTHO cjie^y- 
lomeMy: 



u{t; x) — M^t; X + 5f(t; x; 7) j = p^Jiz jiio6t,ix 7 G -R(7). 



(44) 



^ajiee HcnojibsyeM npaBHjio ;i,H4)(|)epeHii;HpoBaHHe npoH3BefleHH3 h ycjioBHe 
(42), nojiynaeM: 

duit-.ii) , .du{t\^) 1, , , ,c?^ti(t:x) 



^"^^'"^a.(t;x)?!^^4 



at 



+ -6ifc(t;x) 



a A an(t;x) %fc(f;x) 



an(tpc) , f, , 9u{t;^) 1, , aix(t;x) a6,fc(t;x) 

at +^^^^'''^ ax,- 2''*'^''''^ dx, dx, 



Cjie^oBaxejiBHo, 

du{t; x) du{t; x) 



TaKHM o6pa30M, nojiynnjiH Bce ycjioBHH £) 



ci-i ^) ~ 2 ^' ^' ^ — dx- — 



0. 
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SaMenaHHe 4 B CAyuae, Kozda paccMampueaeM KonKpemHym peaAuaayum, 
m. e. napaMemp u e daAbneuiueM ne OAUsiem, HecAyHauHym (^yuKv^um u{t; x) 
MOCHCHO CHumamb demepMUHupoeaHHUM nepeuM unmespaAOM cmoxacmuHe- 
CKOU cucmeMU. 

SaMenaHHe 5 B [3, c. 24] 6uao eeedeno noHsimue cmoxacmuHecKozo nep- 
6020 UHTJiezpaAa Bar v^eHmpupoeaHHOu nyaccoHoecKou juepu u noAyneHHue 
ycAoeuR dAR eso cym,ecm606aHUH yHumueamm Heo6xoduMocmh aadanuH nAom- 
Hocmu uHfneHcueHocmu nyaccoHoecKoeo pacnpedeACHUH e omAUHue om nped- 
AOCHceHHOso 6 OaHHOu cmambe. TanuM oBpasoM, despasAUHHO, nanoe eepo- 
HmHOcmHuu sanon UMemm UHmeHcueHocmu nyaccoHoecKux cnauKoe. 9mo 
oBcmofimeA'bcmeo fieAfiemcfi ouewb eaofCHUM dAR daAhueumux npuMeneHuu, 
6 HacmHocmu, Bar nocmpoenusi npospaMMHUx ynpaeAenuu [6]. 

SaMenaHHe 6 B [ ] 6uAa npedAOOKena (popMyAa, fieAfimm^aficfi o6o6m,eHU- 
CM (fjopjuyAU Hmo-BeHmv^eAfi Oam, C/jy Hmo, codepcHcaiu,eso moAtKO nyac- 
coHoecKym cocma6Afimm,ym c yenmpupoeaHHOu nyaccoHoecKou Mepou. 

IIpe^jiojKeHHoe o6o6iri;eHHe (|)opMyjit.i HTo-BeHTij,eji5i h hohhthh cxoxa- 
CTHHecKoro nepBoro HHxerpajia [3] nosBOjiHex, kek OTMeneHO b [S], cxpoHTb 
nporpaMMHbie ynpaBjieHHH cToxacxHHecKHx flHHaMHHecKHx chctcm, rio^Bep- 
jKeHHbix cjiyHaHHbiM BosMymeHHaM, BbisBanHbiM BHHepoBCKHMH BoaMyme- 

HHSMH H nyaCCOHOBCKHMH CKaHKaMH [6]. 
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